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Abstract. We study the asymptotic behavior of solutions of the two dimensional incompress- 
ible Euler equations in the exterior of a curve when the curve shrinks to a point. This work 
links two previous results: [Iftimie, Lopes Filho and Nussenzveig Lopes, Two Dimensional 
Incompressible Ideal Flow Around a Small Obstacle, Comm. PDE, 28 (2003), 349-379] and 
[Lacave, Two Dimensional Incompressible Ideal Flow Around a Thin Obstacle Tending to a 
Curve, Ann. IHP, Anl 26 (2009), 1121-1148]. The second goal of this work is to complete 
the previous article, in defining the way the obstacles shrink to a curve. In particular, we give 
geometric properties for domain convergences in order that the limit flow be a solution of Euler 
& ' equations. 
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^■j ■ 1. Introduction 

< 

The purpose of this work is to study the influence of a material curve on the behavior of 
two-dimensional ideal flows when the size of the curve tends to zero. The study of the fluid 
flows in a singularly perturbed domains was initiated by Iftimie, Lopes Filho and Nussenzveig 
Lopes in [5], in the case of a smooth obstacle which shrinks to a point. For some initial data, 
they obtain a blow-up of the limit velocity like l/\x\ centered at the point where the obstacle 
\ disappears. For some other initial data, they prove that there is no blow-up. Six years later, 
the case of thin obstacles shrinking to a curve was treated in [8]. It was shown that the limit 
velocity always blows up at the end-points of the curve like 1 / \/\x\. In light of this two works 
a natural question arises: what happens in the case of small curves ? Our result can be stated 
as following: as the end-points get closer and closer, for some initial data, the two blow-ups 
like 1/ y\x\ combine in order to give l/|ar(, and for other initial data, the blow-ups compensate 
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each other and disappear. 

More precisely, we fix both an initial vorticity oj , smooth and compactly supported outside 
the obstacle Q, and the circulation 7 of the initial velocity around the obstacle. We assume that 
the obstacle Q is a bounded, connected, simply connected subset of the plane. Let us define 
the exterior domain IT := M 2 \ f2. Then, the vorticity and the circulation uniquely determine a 
vector field uq tangent to the obstacle such that: 



divti = 0, curlw = (X>o, lfm u (x) = 0, <p u ■ ds = 7. 

M->oo Jan 

When the obstacle Q is smooth and open, it is proved by Kikuchi [7] that there exists a 
unique global strong solution to the Euler equations in II. If Q is a smooth curve T (with two 
end-points), we have to define what is a weak-solution. 

Definition 1.1. Let ooq £ L 1 nL°°(lR 2 ) and 7 £ R. We say that (u,u) is a global weak solution 
of the Euler equations outside the curve T with initial condition (uq, 7) if 

cu £ L°°(R + ; L 1 PI L 00 ^ 2 )) 
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and if we have in the sense of distributions 



d t uj + div (uu) 
uj(0) = uj 0} 



where u verifies 



divii 


= 


in 11 


curl u 


= UJ 


m n 


u ■ n 


= 


on r 


(j) u ■ ds 


= 7 


/or t G [0, oo) 








lim u 


= 0. 




k | cc | — s>oo 







In this definition, II := R 2 \ T, and ( II. ip means that we have 



Vip.uudxdt + / (p(0, x)ojo{x)dx — 0, 



iptujdxdt + 



for any test function ip G C£°([0, oo) x R 2 ). 

In [S] , we prove the existence of a global weak solution in the sense of the previous definition. 
The idea of the previous paper is the following: for T given, we manage to construct a sequence 
of smooth obstacles Q n (thanks to biholomorphisms) , which shrink to the curve. Next, we 
consider the strong solution (u n , uj n ) in smooth domain Il n := IR 2 \ Q n , and we pass to the limit. 
The details of this proof will be presented in Subsection 12.21 

However, we have constructed a special family of obstacles. The first goal here is to gener- 
alized [H] in the case of a geometrical convergence of Q n to T. 

Theorem 1.2. Let be a sequence of smooth, open obstacles containing T. If Q n — T in 

the sense of Theorem \2.21\ then there exists a subsequence n = n k — )■ such that 

(a) $™n n -)■ u strongly in L 1 2 oc (R + x R 2 ); 

(b) -»■ uj weak-* in L°°(M + ; L 4 (R 2 )); 

(c) (u,uj) is a global weak solution of the Euler equations around the curve V. 

In this result, $ n is a cut-off function of an ^--neighborhood of Q n . In particular, we will 
remark that this sense of convergence holds for smooth domain, i.e. if Q n — > Q, where Q is 
smooth, then the Euler solutions on Q n (respectively on the exterior domain Il n ) tends to the 
Euler solution on Q (respectively on II). Another consequence of proving a geometrical theorem 
(Theorem 12 .2 II) is the extension of [9J, which corresponds to the previous theorem in the viscous 
case (with Navier-Stokes equations instead to Euler equations). 



The second goal of this article is to study the behavior of the weak solution when the curve 
shrinks to a point. 

In [5], the authors fix a smooth obstacle flo, containing the origin, and choose fl £ := eflo- 
For this homothetic convergence, they prove the following theorem. 

Theorem 1.3. There exists a subsequence e = — > such that 

(a) $ £ m £ -> u strongly in Lj- oc (E + xl 2 ); 

(b) § £ uj £ uj weak * in L°°(R + x R 2 ); 
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(c) the limit pair (u, u) verify in the sense of distributions: 



( d t uj + u ■ Vlo = 
div u = 
curl u = co + 7<5 
lim \u\ = 

\x\— >oo 

k lu(0,x) = uj (x) 
with 5q the Dirac function at 0. 



in (0, oo) x R 2 
in (0, oo) x R 2 
in (0, oo) x R 2 
for t e [0, oo) 



in 



In this result, $ e is a cut-off function of an e- neighborhood of Q £ . Therefore, they obtain 
at the limit the Euler equations in the full plane, where a Dirac mass at the origin appears. 
This additional term is a reminiscense of the circulation 7 of the initial velocities around the 
obstacles, and we note that this term does not appear if 7 = 0. Actually, we can write the 

velocity as a sum of a smooth vector field and 7- — j — ^. Additionally, [13] proves that there 

exists at most one global solution of the previous limit system. Therefore, we can state that 
Theorem 11.31 holds true for all sequences Sk —> 0, without extracting subsequences. 

In the exterior of the curve, we will note in Remark 12.121 that the velocity, for any weak 
solution, is continuous up to the curve, with different values on each side of T, and blows up 
at the endpoints of the curve as the inverse of the square root of the distance. As it was said 
at the beginning of this introduction, we remark in this two results that the velocity blows up 
like l/\x\ in the case of a point, and like 1/ y\x\ near the end-points in the case of the curve. 
The problem here is to check that we find a result similar to Theorem 11.31 when a curve shrinks 
to a point. 

We fix a smooth open Jordan arc T, and we set T £ := eT . Then there exists at least one weak 
solution of Euler equation outside the curve T E . Our goal is to prove the following theorem. 



Theorem 1.4. Let (u £ ,u e ) be a weak solution for Euler equation outside T e 
sequences e = — >■ 0, we have 



Then, for all 



(a) u £ —> u strongly in L 1 1 oc (R + x R 2 ); 

(b) u £ -> uj weak * in L°°(R+ x R 2 ); 

(c) the limit pair (u, u) is the unique solution in the sense of distributions of: 

52 



d t u + u ■ Vw = 
div u = 
curl u = uj + 7<5o 
lim \u\ = 

I ac I — >oo 



in (0, 00) x 
in (0, 00) x R 2 
in (0, 00) x R 2 
for t G [0, 00) 



in 



Although Theorems 11.31 and 11.41 appear to be similar, the estimations and arguments are 
different. In all these works, the main tool is the explicit formula of the Biot-Savart law (law 
giving the velocity in terms of vorticity), thanks to conformal mappings. In the authors 
use the change of variables y = x/e, in order to work in a fixed domain. Then they obtain L°° 
estimates for a part of the velocity, thanks to the smoothness of the obstacle, and they pass 
to the limit using a Div-Curl Lemma. In [S], the change of variables does not hold and we 
work on convergence of biholomorphisms when the domains change. Next, we take advantage 
of this convergence to pass directly to the limit in the Biot-Savart law, thanks to the dominated 
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convergence theorem. In our case of the small curve, we lost the convergence of biholomorphism 
and [8] cannot be applied directly. The curve being a non-smooth domain, because of the end- 
points, we cannot either apply directly the result from [5]. Indeed, we will see that we only have 
1? estimates of the velocity for p < 4 instead of L°°. Actually, we will improve some estimates 
and we will manage to pass to the limit with the Div-Curl Lemma. 

The remainder of this work is organized in three sections. In Section [2J we recall some results 
on conformal mapping and Biot-Savart law. We show that [5] gives us the existence of at least 
one global weak solution (u £ ,u £ ) for the Euler equations outside the curve T e (in the sense of 
Definition II. ip . We take advantage of this part to prove the convergence of biholomorphisms 
when an obstacle shrinks to a curve, completing [HI Ej. Theorem 11.21 will be a consequence 
of this section. There will be a general remark concerning the convergence of Euler solutions 
when the domain converges. In Section |3l we establish a priori estimates for the vorticity and 
the velocity, in order to pass to the limit in the last section. 

We emphasize that the techniques used here, and in jSJ [S] , are specific to the ideal flows in 
dimension two, around one obstacle. The study of several obstacles does not allow us to use 
Riemann mappings. Loosing the explicit formula of the Biot-Savart law, the author in [T4] 
choose to work in a bounded domain, with several holes, where one hole shrinks to a point. In 
a bounded domain, he can use the maximum principle, and he obtains a theorem similar to 
Theorem 11.31 In [12], we work in an unbounded domain, with n obstacles, of size e, uniformly 
distributed on a imaginary curve T, and the goal is to determine if a chain of small islands 
(n — > oo, e — > 0) has the same effect as a wall T. 

Concerning the viscous flow, there is no control of the vorticity in a domain with some 
boundary. Therefore, we do not use u and the Biot-Savart law, and we gain control on one 
derivative of the velocity thanks to the energy inequality. The case of a small obstacle in 
dimension two is studied in [B], and in dimension three in [1]. The thin obstacle in dimension 
two is treated in [5], and in dimension three in [10J. We note that there does not exist any 
result for ideal flow in dimension three. Indeed, we cannot use the vorticity equation, and we 
do not have energy inequality. Then, a control of the derivative of the velocity is missing. 

For the sake of clarity, the main notations are listed in an appendix at the end of the paper. 



2. Conformal mapping 

As it is mentioned in the introduction, complex analysis is an important tool for the study 
of two dimensional ideal flow outside one obstacle. Identifying M 2 with the complex plane C, 
the biholomorphism mapping the exterior of the obstacle to the exterior of the unit disk will 
be used to obtain an explicit formula for the Biot-Savart law. A key of this work, as in [3 [8], 
is to estimate these biholomorphisms when the size and the sickness of the obstacle go to zero. 
We begin this section by some reminders on thin obstacles (see [8] for more details). 

2.1. Thin obstacles. 

Let D = B(0, 1) and S = dD. 

We begin by giving some basic definitions on the curve. 

Definition 2.1. We call a Jordan arc a curve C given by a parametric representation C : (f(t), 
< t < 1 with if an injective (= one-to-one) function, continuous on [0,1]. An open Jordan 
arc has a parametrization C : ip(t), < t < 1 with ip continuous and injective on (0, 1). 

We call a Jordan curve a curve C given by a parametric representation C : ip(t), t e IR ; 
1-periodic, with ip an injective function on [0, 1), continuous on R. 
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Thus a Jordan curve is closed (y?(0) = <p(l)) whereas a Jordan arc has distinct endpoints. If 
J is a Jordan curve in C, then the Jordan Curve Theorem states that C \ J has exactly two 
components Go an d G\, and these satisfy 8Gq = dG\ = J. 

The Jordan arc (or curve) is of class C n,a (n G N*,0 < a < 1) if its parametrization ip is 
n times continuously differentiable, satisfying ip'(t) ^ for all t, and if \<p^(ti) — y?( n )(t 2 )| < 
C\ti — t2\ a for all t\ and 

Let r : Y(t), < t < 1 be a Jordan arc. Then the subset M? \ Y is connected and we will 
denote it by IT. The purpose of the following proposition is to obtain some properties of a 
biholomorphism T : II — > int D c . After applying a homothetic transformation, a rotation and 
a translation, we can suppose that the endpoints of the curve are —1 = T(0) and 1 = T(l). 

Proposition 2.2. If Y is a C 2 Jordan arc, such that the intersection with the segment [—1, 1] 
is a finite union of segments and points, then there exists a biholomorphism T : Yl — > int D c 
which verifies the following properties: 

• T _1 and DT~ l extend continuously up to the boundary, and T~ x maps S to Y, 

• DT' 1 is bounded, 

• T and DT extend continuously up to Y with different values on each side of Y , except 
at the endpoints of the curve where T behaves like the square root of the distance and 
DT behaves like the inverse of the square root of the distance, 

• DT is bounded in the exterior of the disk B(0, R), with Y C -6(0, R), 

• DT is bounded in L p (Yl n 5(0, R)) for all p < 4 and R>0. 

The behavior of T and DT gives us the behavior of the velocity around the curve (see 
Proposition 12. 8p . We rewrite also a remark from [5] concerning behavior of biholomorphisms 
at infinity. 

Remark 2.3. If we have a biholomorphism H between the exterior of an open connected and 
simply connected domain A and D c , such that if(oo) = oo, then there exists a nonzero real 
number (3 and a holomorphic function h : II — > C such that: 

H(z) = f3z + h(z). 

with 




This property can be applied for the T above. 

In [HIE]) we consider a family of obstacles {fi r/ } which shrink to the curve Y in the following 
sense. If we denote by T v the biholomorphism between IL, := ]R 2 \f2 ?? and D c , then we supposed 
the following properties: 

Assumption 2.4. The biholomorphism family {T v } verifies 

(i) ||(T^-T)/|T||U~ (nr) )->0 as V ^0, 

(ii) det(DT~ 1 ) is bounded on D c independently off], 

(iii) for any R>0, \\DT V - DT\\ LS{B{0iR)nnv) ->• as r] 0, 

(iv) for R > large enough, there exists Cr > such that iDT^x)] < Cr on B(0,R) c . 

(v) for R > large enough, there exists Cr > such that \D 2 T q {x)\ < -r# on B(0,R) c . 

Remark 2.5. We can observe that property (iii) implies that for any R, DT V is bounded in 
L p (B(0, R) PI 11^) independently of rj, for p < 3. Moreover, condition (i) means that T v — > T 
uniformly on B(0,R) r\YL v for any R > 0. 
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Assumption 12.41 corresponds to Assumption 3.1 in [8], adding part (v) and strengthening 
property (i) therein. 

Concerning our problem of the small curve, we will not need to assume something. Indeed, in 
the following subsection, we will present a way of thicken the curve such that all the properties 
of Assumption 12.41 are verified. However, an open problem raised by [8j |9] is to prove that 
Assumption 12.41 is also verified for more general geometrical convergences tt v — > T. It is the 
purpose of Subsection | 



2.2. Thicken the curve. 

Thanks to Proposition I2.2[ for a curve T given, we associate its biholomorphism T. Therefore, 
we have for 

T £ :=eT, T £ (x) = T(x/e). (2.1) 

We recall that T £ maps IT £ := M 2 \ T £ to R 2 \ D and T £ to 3D. Let us define 

n £)ri :=T-\B(0,l + V )\D). 

Knowing that T £ is a biholomorphism, we can state that fi e r) is a smooth, bounded, open, 
connected, simply connected subset of the plane containing T £ . We can also remark that 

T e , v (x) = j^T e (x) = ^f^/e) (2.2) 

is a biholomorphism mapping II £i7? := Q £ v to D c and dQ £i71 to dD. 

Example 2.6. We give here the shape of Q £jV in the special case of the segment. If T : = 
[(—1, 0); (1, 0)], we have an explicit form for T. It is the inverse map of the Joukowski function: 

11 

G(z) = —{z-\ — ) (see [8] for more details about this function). 

2 Z 



In this case, we can easily compute that Vt £)V is the interior of an ellipse parametrized by 
x{9) = |((1 +rj) + Y^costf, y(6) = |((1 + rj) - J^)™^- 



Then, for small rj, the length of the ellipse is approximately (Taylor expansion of order 2) 
e(2 + rj 2 ) whereas the higher is e(2r]). We can also see that for rj = 0, we obtain the segment 
r e =[(-e,0);(e,0)]. 

We note that, for e fixed, the family defined in (12. 2p verifies Assumption 12.41 Therefore, 
we can apply directly the result obtain in j8]. Let uq be a smooth initial vorticity, compactly 
supported outside the obstacle. Let 7 be a real. The motion of an incompressible ideal flow in 
H £iV is governed by the Euler equations: 

' d t u £ ' v + u £ ' v ■ Vu £ ' v = -Vp £ ' v in (0, 00) x U EjV 
divu 6 '" 1 = in [0, 00) x Ii £ ri 



u £ ' v ■ h = on [0, 00) x dfl 
lim Iw^l =0 for t £ [0, 00) 

\x\— >oo 

^u £ ' v {0,x) =u ' v (x) inn 



where p £,r] = p £,v (t,x) is the pressure. In fact, to study the two dimensional ideal flows, it is 
more convenient to work on the vorticity equations u £ ' v := cut\u £,v (= d\Urp — d2U £ l ,T> ) which 
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are equivalent to the previous system: 

d t u e " + u £ * ■ Vw £fl 
&\vu e,ri = 0, curlw 



e,f] 



UJ 



i-.l/ 



u £,v ■ h 







lim \u £ ' v \ 

\x\— >OD 



a 



ds 



7 



[u e > T '(0,x)=u> o (x) 



in (0, oo) x Il £fl 
in (0, oo) x Il £ir/ 
on [0, oo) x dVL e ri 
for t G [0, oo) 

for t G [0, oo) 
in n £)J? . 



(2.3) 



The interest of such a formulation is that we recognize a transport equation. The transport 
nature allows us to conclude that the L p (Jl £tr) ) norms of the vorticity are conserved, for p G 
[1, oo], which gives us directly an estimate and a weak convergence in L°°(L P ) for the vorticity. 

For all e,r], ft £>rj is smooth and Kikuchi in [7] states that there exists a unique pair (u £,v , u 6 ' 71 ) 
which is a global strong solution of Euler equation in M + x n e r? verifying 



w e '"(0,.)=wo, 



M e, "(0, s) ■ t ds = 7 and lim u e '"(t, x) = Vt. 



A characteristic of this solution is the conservation of the velocity circulation on the boundary, 
and that m := J cm\u £,ri = f u . 

Next, we apply the result of [S] to define a pair (u £ ,uj £ ): 

Theorem 2.7. If Assumption is verified, then there exists a subsequence r]k — > with 



where the following properties are verified 



loc( 



u £ can be expressed in terms of 7, and u £ : 



u e {x) = ±-DTl(x) 

Z7T 



(T £ (x)-T £ (y))^ (T e (x)-T e {y)*)- 
\T £ {x)-T £ {y)\ 2 



T £ (y)*\ 



^{t,y)dy + a±-DTl{x^ ™ ] 

Z7T 



T s {x)\* 



with a = f uo + 7; 

u £ and ui £ are weak solutions of 



d t uj £ + u £ Vto £ = in R 2 x (0, 00). 



In this theorem, $ e,r? denotes a cutoff function of an 77- neighbor hood of T £} and we write 
x* = |^2- Moreover, we can find in [8] the following properties. 



Proposition 2.8. Let u £ be given as in Theorem 2.7 For fixed t, the velocity 

i) is continuous on M 2 \ T £ and tends to zero at infinity. 

ii) is continuous up to Y £ \ {(— e, 0); (e, 0)}, with different values on each side ofY £ 



iii) blows up at the endpoints of the curve like C / \J\x — (e, 0)\\x + (e, 0)\, which belongs to 
L \oc forp<A. 

iv) is tangent to the curve, with circulation 7. 

v) we have divw e = and curlw e = uj £ + g%e8r e in the sense of distributions ofM. 2 . 

The function g^ s is continuous on T £ and blows up at the endpoints of the curve T £ as the 
inverse of the square root of the distance. One can also characterize g^e as the jump of the 
tangential velocity across T £ . 



s 
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There is a sharp contrast between the behavior of ideal flows around a small and a thin 
obstacle. In [5], the additional term due to the vanishing obstacle appears as a time-independent 
additional convection centered at P, whereas in the case of a thin obstacle, the correction term 
depends on the time. Moreover, if initially 7 = we note that there is no singular term in the 
case of the small obstacle, whereas g u again appears in the case of a thin obstacle. Physically, 
it can be interpreted by the fact that a wall blocks the fluids, a point not. 

Therefore, for T £ given, we have constructed a weak solution (u £ , u £ ) for the Euler equation 
outside the curve T £ in the sense of Definition 11.11 Actually, it misses one property which can 
be establish as follow. For all 77, u £ ' v verifies the transport equation in a strong sense, then 
we have the classical estimates ||u; e,7? (i, -)\\lp = ||^o||lp f° r an P G [1, 00]. Then, the weak limit 
allows us to state that: 

||w e 0, -)IUp(n e ) < limsup \\uj e,v (t, -)IUp(n e ) = ||^o (m 2 ), 

7?-*0 

which means that u £ G L°°(L 1 fl L°°). 

By thicken the curve, we prove here that there exists at least one weak solution of the Euler 
equations outside the curve. The goal of this paper is to study the limit of (u £ ,u £ ), where 
(u £ ,u £ ) is one of these solutions. An important future work will be the uniqueness of (u £ ,u £ ). 
Indeed, until now, it is possible that this pair depends on the way of the obstacles shrink to 
the curve, and the convergence (u £ ' v , cj e ' v ) —> (u £ ,u £ ) holds true by extracting a subsequence. 

Remark 2.9. We have: 

T E ,r, = T 1)T) (x/e). 

This equality means that, for r] > fixed, we are exactly in the case of [5] (see Theorem ll.3p . 
Then, we can apply directly their result to extract a subsequence — > such that 

^e, V(jJ e, V _± ^ weak _* in L co( R x R 2) &nd $6,1,^,1, strong l y j n Lf Qc (R X R 2 ) 

where the following properties are verified 

• u v and u v are weak solutions of d t 0J v + m' ) .Vw'' = in M? x (0, oo); 

• divu v = and curl-u'' = u v + 7<5o in the sense of distributions of M 2 ; 

• \u v \ — > at infinity. 

Moreover, [T3] establishes the uniqueness of the previous problem, then we can state that the 
convergence holds true without extraction of a subsequence, and the limit does not depend on 

(u £ ^,u £ ^) -> (u,u) as e -> 0. 

2.2.1. Comment on the previous remark. We could take advantage of the previous remark 
thinking along this line: assuming that we can prove that 

(u £ ' r] ,u £,v ) -> (u £ ,u £ ) as r] — > 0, uniformly in e, (2.4) 

then, for all p > 0, there exists a r] p , such that 

\\(u £ ,u £ )-(u £ '^u £ ")\\<p/2, ye. 

For this r\ p fixed, we apply directly the result of [5] to find e p , such that for all e < e p , we have 

\\(u £ «>>,LJ £ «»)-(u,u)\\<p/2. 

The fact that we find the same (u,u) for any 7] comes from [1 3J . Therefore, we have found e p , 
such that for all e < e p , we have 

\\(u £ ,u £ ) - (u,u)\\ < \\(u £ ,u £ ) - 0^)11 + ||(^,a;^) - (t*, W )|| < p, 
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which is the desired result. To make this proof rigourous, we have to prove (12.41) . i.e. to rewrite 
the article [8] with adding the parameter e, and to check carefully that the convergence is 
uniform in e. It is possible to check that all the estimates are uniform in e, but it is difficult to 
give a sense to uniform convergence for the weak-* topology. We would have had to establish 
a uniform version of Banach-Alaoglu's Theorem. Indeed, we always say: as Hw^H^p = ||o;o||lp, 
we can extract a subsequence such that co £ ' v — u £ weak-* in L°°(L P ), as rj — > 0. What does 
it mean and how can we prove that we can choose a subsequence such that this convergence 
weak-* is uniform in e ? 

Actually, the general idea is to pass to the limit (u 6 ,u £ ) — > (u,u) with similar arguments 
to [5]. This last article cannot be used directly and, as we will see, it is not obvious to adapt 
their arguments. An other possibility is to adapt the arguments of [8] . However, in the present 
case of the small curve, some estimates becomes better than in the case of the thin obstacle, 
and we will see that we can apply Aubin-Lions and Div-Curl Lemmas, in order to pass to the 
limit. This idea appeared in [5], cannot be applied in [8], and we choose here to use it in our 
case because it goes faster than using the arguments from [8]. 

2.2.2. Biholomorphism estimate. As it was focused in the introduction, we need to estimate 
the biholomorphism to estimate the velocity, thanks to the Biot-Savart law. 

Proposition 2.10. The biholomorphism family {T £ }, defined in (12. ip . verifies 

(i) e~ 2 det(-DT e _1 ) is bounded on D c independently of e, 

(ii) for any R > 0, for all p G [1,4), £\\DT e \\lp(b(o,r)) is bounded uniformly in e, 

Cr 

(iii) for R > large enough, there exists Cr > such that \DT £ {x)\ < — on B(0,R) c . 

Proof. The point (iii) is straightforward using ( 12. ip and Proposition 12.21 
Concerning (i), we directly see that 

T £ - 1 (x)=eT-\x), 

hence 

det( J DT- 1 )(x) =e 2 det(DT- 1 )(x), 
which prove point (i), thanks to Proposition 12.21 
For the last point, we compute 

\ l -DT^dx) 1,P =e^(j \DT(y)\ P dy) 1/P . 
<B(0,R) £ £ ' \Jb{o,r/e) ' 

Using Proposition I2.2[ we know that DT belongs in L p (0, Ri) for all R\ > and all p < 4. 
However, we should also take care of the behavior of DT at infinity, because \im e ^ Q R/e = oo. 
Remark 12.31 allows us to pretend that there exists R such that 

\DT(y)\ < /3 + 1 for \y\ > R. 

Therefore, for p < 4 

(/ \DT(y)\ p dy) 1/P < ([ \DT(y)\ P dyY'* + ( [ ((3 + If dyY* 

K JB(0,R/e) ' X JB(0,R) ' X J B(0,R/e)\B(0,R) ' 

C B R 2/p 



- £ 2/p 



which means that, for e small enough, independently of R, 

\\DT £ \\ LP{B{0>R)nUstri) < e- l C{l + R 2 /?), (2-5) 
which ends the proof. □ 
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2.3. Biot-Savart law. 

One of the key of the study for two dimensional ideal flow is to work with the vorticity 
equation, which is a transport equation. For example, in the case of a smooth obstacle, we 
choose initially ojq E L 1 fl L°°, then ||o; e (t, •) \\lp = \\wq\\lj> for all t. Next, Banach-Alaoglu's 
Theorem allows us to extract a subsequence such that u £ — uj weak-*. So, we have some 
estimates and weak-* convergence for the vorticity, and the goal is to establish estimates and 
strong convergence for the velocity. For that, we introduce the Biot-Savart law, which gives 
the velocity in terms of the vorticity. Another advantage of the two dimensional space is that 
we have explicit formula, thanks to complex analysis and the identification of IR 2 and C. 

Let fl be a bounded, connected, simply connected subset of the plane. We denote by II the 
exterior domain: II := M 2 \ fl, and let T be a biholomorphism between II and {D) c such that 
T(oo) = oo. 

We denote by Gu = Gu(x,y) the Green's function, whose the value is: 

(2 ' 6) 

writing x* = r^. The Green's function verifies: 

Fl 

A y G n {x, y) = 5{y - x) for x, y e II 
G n (x,y) = for y e T 
Gu(x,y) = G n (y,x) 

Remark 2.11. In fact, the Green's function is unique, even in the case where fl is a curve T. 
Indeed, let F\ and F 2 be two biholomorphisms from IT to the exterior of the unit disk. Then 
Fi o i^T 1 maps D c to D c and we can apply the uniqueness result for Riemann mappings to 
conclude that there exists a e C such that \a\ = 1 and F± = ai 7 ^. Moreover, changing T by aT 
in (12.61) does not change the Green's function. The uniqueness of the Green's function outside 
the unit disk gives us the result. 

The kernel of the Biot-Savart law is Ku = Ku(x,y) := V^Gu(x,y). With (xi,x 2 )" L = 



-x 2 

Xl 



the explicit formula of Kn is given by 

1 ^ U ^({T^)-T{y)) x (T(x)-T( y yy 



K n (x,y) = —DT t (x)(- 

Z7T \ 



\T(x)-T(y)\* \T(x)-T(y)*\i 

We require information on far- field behavior of Ku- We will use several times the following 
general relation: 

_a b_ = \a-b\ 

\a\ 2 \b\ 2 \a\\b\ ' 1 ' ' 

which can be easily checked by squaring both sides. 
We now find the following inequality: 

\T(y)-T( y y\ 



\K u (x,y)\<C, 



\T(x)-T(y)\\T(x)-T(y)*l 
For / e C£°(II), we introduce the notation 

Ku[f} = K u [f}(x) := f K u (x,y)f(y)dy, 

and we have for large \x\ that 



l*n[/]|(s)<i%, (2-8) 



x 
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where G\ depends on the size of the support of /. We have used here Remark [231 
The vector field u = Kn[f] is a solution of the elliptic system: 



divu 


= 


in IT 


curl u 


= / 


in IT 


u ■ h 


= 


on <9f2 


lim \u\ 


= 





Let n be the unit normal exterior to IT. In what follows all contour integrals are taken in the 
counter-clockwise sense, so that J m F ■ ds = — f Qn F ■ h^ds. Then the harmonic vector fields 



H Il (x) = —V ± ln\T(x) 

Z7T 



2tT 1 V(X)| 2 



is the uniqu^l vector field verifying 

div H n = 
curl Hu = 
H n ■ n = 
Hji(x) — > as \x\ — > oo 

H n - ds = I. 



in n 
in n 

on dVt 



It is also known that Hn{x) = 0(l/\x\) at infinity. Therefore, putting together the previous 
properties, we obtain that the vector field u e : 



u £ {x) := K £ [u £ ]{x) + (7 + 
is the unique vector fields which verifies 



uj £ )H £ (x) 



(2.9) 



divii £ 


= 


in n e 


curl u £ 


= u £ 


in n £ 


u £ ■ n 


= 


on r £ 



u £ (x) — > as \x\ — > 00 



u £ • ds = 7. 



Concerning the uniqueness, we note that Remark 12.111 allows us to apply the theory developed 
in [S] (see Lemma 3.1 therein, which is a consequence of Kelvin's Circulation Theorem). 

Remark 2.12. This property means that the velocity of any weak solution (in the sense of 
Definition II. ip can be written as ( 12. 9p . Adding the fact that ui £ belongs to L°°(L 1 PI L°°), 
Proposition 12.81 states that (12. 9p and the behavior of T £ (see Proposition 12 .2 j) imply some 
interesting properties on the velocity. For example, we infer that u £ has a jump across r e and 
blows up near the end-points of the curve as the inverse of the square root of the distance. 



Before working on the convergence (u £ ,oo £ ) — > (u,u), let us prove that Assumption 12.41 is 
verified for good geometrical convergence Q n — > T, which will complete [HJ [9]. 



1 see e.g. [5]. 
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2.4. Proof of Assumption 12.41 

For this subsection, we consider, as Pommerenke in [Toj IT?] , that a domain is an open, 
connected subset of C. We identify also C and R 2 . 

Let T be an open Jordan arc which verifies the assumptions of Proposition 12.21 Let {Q n } 
be a sequence of bounded, open, connected, simply connected subset of the plane such that 
rcfl„ and dQ n is a smooth Jordan curve. We denote his complementary by U n := R 2 \ Q n . 
We recall that D := £>(0, 1), and we set A := R 2 \ D. For all n, we denote by T n the unique 
conformal mapping from U n to A which sends oo to oo, dVt n to dD and such that T^(oo) G R+ 
(Riemann mapping theorem). By Remark 12.111 we consider the unique T which maps II := T c 
to A, such that T(oo) = oo and T'(oo) G R + . The properties of T are listed in Proposition 
12.21 In order to apply the theory of domain convergence to smooth domains, we work here in 
the image of T, where there is no end-point. By continuity of T, we state that n n := T(U n ) is 

an exterior domain, which means that fl n := R 2 \ U n is a smooth, bounded, open, connected, 
simply connected subset of the plane, containing D. 





PICTURE 1: image of T. 




By the Riemann mapping theorem, we have that g n := T n o T" 1 is the unique univalent 
function (meromorphic and injective) mapping II n to A and satisfying g n (oo) = oo, arg g' n (oo) = 
0. As g n (oo) = oo, it means that g n is analytic in A. To apply directly some results from [16J, 
we also introduce Riemann mappings in bounded domains: 

9n{l/z) 

which maps Ii n := l/T(II n ) to D, verifying f n (0) = and arg /4(0) = (see Picture 1). 

A convergence of Q n to T can be translated by a convergence of Q n to D. The goal of 
this subsection is to define the geometric convergence in order that the properties cited in 
Assumption 12.41 are verified. In other word, we have already an example of an obstacle family 
where they are verified: 

n n := 5(0,1 + -), 

n 

(see (12. 2p ). and the issue here is to find more families where the results of [SI [9] hold. 

Concerning univalent functions, the first convergence of domain was introduced by Caratheodory 
in 1912. 

Definition 2.13. Let wq G C be given and let G n be domains with Wq G G n C C. We say that 
G n — >■ G as n — >■ oo with respect to wq, in the sense of kernel convergence if 

(i) either G = {wq}, or G is a domain ^ C with Wo G G such that some neighborhoods of 
every w G G lie in G n for large n; 

(ii) for w G dG there exist w n G dG n such that w n — >■ w as n — > oo. 
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It is clear that the limit is unique. This notion is very general, and it follows the Caratheodory 
kernel theorem: 

Theorem 2.14. Let the functions h n be analytic and univalent in D, and let h n (0) = 0, 
h' n (0) > 0, H n = h n (D). Then {h n } converges locally uniformly in D if and only if {H n } 
converges to its kernel H and if H ^ C Furthermore, the limit function maps D onto H. 

We remark that this theorem does not concern uniform convergence of biholomorphism up 
to the boundary Indeed, we need such a property for points (i), (ii), (iii) in Assumption 12.41 
Moreover, convergence in the kernel sense allows some strange examples of families, as a fold 
on the boundary (see Picture 2). It seems unbelievable that {T n } verifies Assumption 12.41 near 
the boundary. 




PICTURE 2: example of a family which converges in the kernel sense. 



To prevent such a case, we add another definition. 

Definition 2.15. A sequence {A n } of compact sets in C is called uniformly locally connected iff 
for every e > 0, there exists 5 > (independent of n) such that, if a n , b n 6 A n and \a n — b n \ < 5, 
then we can find connected compact sets B n with 

a n , b n G B n C A n , diam B n < e, Wn. 

This kind of definition does not allow the case of Picture 2. However, the examples of Pictures 
3 and 4 are authorized, which are classical shapes in rugosity theory. 




PICTURE 3 PICTURE 4 



Thanks to this definition, we can cited Theorem 9.11 of [16J, which extends to the uniform 
convergence up to the boundary. 

Theorem 2.16. Let the functions g n and g be univalent in A and continuous in A, and let 
g n {oo) = oo and E n = C \ g n (A). Suppose that g n — >■ g locally uniformly in A. Then this 
convergence is uniform in A if and only if the sequence (E n ) is uniformly locally connected. 

We apply these theorems to obtain a part of the properties of Assumption 12.41 
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Proposition 2.17. Let us assume that there exists Rq > 1 such that Q n C B(0,Rq) for all n. 
If Tl n — > A in the sense of kernel convergence with respect to oo, such that {Q n } is uniformly 
locally connected, then there exists R± > such that 



a 



II On 



—7-0 as n —7- oo, 



iL°°(n n ) 

(b) (g^ 1 )' is bounded on B(0,Ri) c independently of n, 



(c) \\g' n 



Z 



l|U°°(B(o,fli) c ) -> as n -» oo, 



(d) i/iere exzsis C > such that |g^(z)| < £ on 5(0, i?i) c . 

Proof. After noting that II n — > D in the kernel sense with respect to 0, we apply the Caratheodory 
kernel theorem to f~ x . Riemann mappings are biholomorphisms, then they are univalents and 
analytics. We deduce that f~ l converges uniformly to Id in each compact subset of D. As 
9n l ( z ) = ^- 1 fn l i^- 1 z ) i we a ^ so know that g" 1 converges locally uniformly in A. Moreover, 
Kellogg- Warschawski Theorem (see Theorem 3.6 of [IT]) allows us to state that g" 1 is continu- 
ous in A because the boundary dQ n is smooth. Therefore, we use Theorem 12.161 to state that 
g^ 1 converges uniformly to Id in A. In particularly, g" 1 converges uniformly to Id in -8(0, 2)\D, 
which means that f~ x tends to Id uniformly in D \ B(0, 1/2). Adding the fact that f~ l — >-Id 
uniformly in 5(0,3/4), we obtain that this convergence is uniformly in D. 

A consequence of this uniform convergence, is that /„ — >-Id uniformly. Indeed, for all zGll„, 
we have 



\fn(z) ~ Z\ 



\Vn ~ f n 1 {Vn)\ < ||Id - /„ Il^D); 

which means that \\f n — Id|| ioo ^ s — > as n — > oo. Let us prove that it follows Point (a). Near 
the boundary, we easily compute that 

11 M\)\ = \y-f n (y)\ 

L°°(n n ns(o,3i? )) 





9n{z) 


— z 






z 





L°°(n n nB(0,3Ro)) 



\fn(y)\ 



i°°(n„\B(0,^)) 



As, \\f n — Id|| i00 (f[ n ) — > as n — > oo, it means that there exists Ni such that for all n > Ni, we 
have |/ n (-2)| > 4^ for all z G IT n \ B(0, gj^-)- Therefore, for all n > N\, we obtain that 



\9n[z) - z\ 



<4i2o||Id-/ n 



(2.10) 



\\L°°(TJ n nB(0,3Ro)) - ^^U^ J"llL°°(n n )- 

Far the boundary, first we prove that f n (z)/z converge uniformly to 1 in B(0,1/(2R )). As 
/n(0) = 0, we know that the map z h-> f n (z)/z is holomorphic in D. After remarking that 
l/(2i? ) < 1/Rq < 1, then we can write the Cauchy formula to state that: 



V2GS(0,l/(2i2o)), 



fn(z) 

Z 

fn(z) 



- 1 



- 1 



1 

2iri 



< 2Rt\\f, 



dB(0,l/Ro) 

Idl 



f n {y)/y- 
y- z 



dy 



lL°°(B(0,l/i? ))' 

which means that f n (z)/z converges uniformly to 1 in -8(0, l/(2i? ))- Finally, we write that 

y 1 1. 



\9n{Z) ~ Z\ \Z\ 



|L°°(B(0,2R ) C ) 



fn{y) 



li0 °( B (°>2^))- 



(2.11) 



Putting together (12.10p and (I2.1ip . we end the proof of point (a). 

Now, we focus on uniform convergence of derivatives. As f~ x is holomorphic in D, we can 
write the Cauchy formula for all z G -B(0, 1/2) 

(/„-')'« - 1 = ^ I ! " l(y) ~ v 

|(/-')'0)-i| < 



'5B(0,3/4) {y - z ) 

nf-'-idi 



dy 



| L°° (5(0,3/4)) • 
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which gives that {f^ 1 )' converges also uniformly to 1 in 5(0,1/2). Differentiating g^i?) — 
l//^ 1 (l/z), we obtain (g" 1 )'^) = . Therefore (g^ 1 )' converges uniformly to 1 in 

5(0, 2) c , which implies point (b). 

The other points can be established in the same way. Indeed, f n — >-Id uniformly in 5(0, 1/Rq), 
then using again the Cauchy formula, we prove that f' n — > 1 uniformly in 5(0, l/(25o)). Using 
that (g n )'(z) = MA i/z)) 2 1 we P re tend that g' n — > 1 uniformly in 5(0,25 ) c which implies (c). 
Finally, we use again the Cauchy formula to get that /" — >■ uniformly in 5(0, l/(25 )). Next, 
we differentiate once more the relation between g n and /„, and we compute: 

,// ^ fnO-M + 2f n (l/z)(zf n (l/ Z ) ~ JUI/Z)) 

9n{ ] z\u\/z)f 

Using all the uniform convergences of f n , f' n and f% in 5(0, l/(25 )), we obtain (d) with 
Ri = 2Rq. 

This ends the proof. □ 

Using the relation, T n = g n o T, it will not be complicated to obtain properties (i), (iv) and 
(v) of Assumption 12.41 However, seeing points (ii) and (iii), we remark that it misses us uniform 
convergence of the derivatives up to the boundary. In the previous proof, we obtain uniform 
convergence of (fn 1 )' in all the compact subsets, thanks to the Cauchy formula, finding a curve 
between the compacts and dD. Such a proof can not be used to obtain convergence up to the 
boundary. Therefore, we need to present the results of [20] • In this article, it appears that we 
can except a uniform convergence of (f^ 1 )' only if we assume some convergences of the tangent 
vectors of <9IT„ to the tangent vector of dD. 

For that, we remark that C n := <9II n denotes a closed Jordan curve which posses continuously 
turning tangents. We also put C := dD. Let r„(s) and r be their tangent angles, expressed as 
functions of the arc length. We gives now the assumptions needed to present the main theorem 
of [20|. We assume that there exists e > such that: 



(1) C n is in the e-neighborhood of C, i.e. any point of C n is contained in a circle of radius 
e about some points of C. 

(2) If As denotes the (shorter) arc of the curve C n between w' and w", then 

As 

< c. 



(3) For any point w n G C n , pertaining to the arc length, < s n < L n , there corresponds a 
point w G C, pertaining to the arc length a = a(s n ), such that \w n — w\ < e and that, 
for suitable choise of the branches, 

sup \r n (s n ) - T(a(s n ))\ < qe. 

0<s„<L„ 

(4) r n is Holder continuous, i.e. there exist k > 0, a G (0, 1] such that 

|r n (si) - T n (s 2 )\ < k(s! - s 2 ) Q ,Vsi,s 2 G [0, L n ). 
In (3), L n denotes the total length of C n . 



Remark 2.18. In (20], the author also assumes that C and C n are contained in the ring < d < 
\w\ < D. This property is directly verified in our case, with 5 = 1 and d = 1 — e. Moreover, 
he assumes that C is in an e-neighborhood of C n . Indeed, in general case, point (ii) does not 
imply it. However, in our case we have D C fl n , and we obtain such a property. 
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Remark 2.19. We see that point (2) prevents us the convergence as in Picture 3. Indeed, in the 
case of this picture, we have ^ w , As w ,^ ~ C/e, which tends to oo as e — » 0. In literature, a curve 
which verified (2) is called a chord-arc curve, and we will prove that the domains outside this 
kind of curve are uniformly locally connected. 

Moreover, we cannot either consider the case of Picture 4, because of point (3). 

Then we give Theorem IV of [20J: 

Theorem 2.20. If C n satisfies hypotheses (l)-(4), then 

su P \(f- 1 )'(z)-l\<Ksln- 

\z\<i £ 

where K depends only on c, k, a and q. 

Putting together Proposition 12.171 and Theorem I2.20[ we can prove the main theorem of this 
subsection: 

Theorem 2.21. Let V be an open Jordan arc which verifies the assumptions of Proposition 
\2.S\ Let {Q n } be a sequence of smooth, bounded, open, connected, simply connected subset of 
the plane such that T C Q n . For all n, we denote by T n the unique conformal mapping from 
U n to A such that T n (oo) = oo and T^(oo) G Let T the biholomorphism constructed in 
Proposition ^. || such that T'(oo) G R+. We also denote Il n := l/T(H n ). 

For all n, we assume that C n := dli n verifies hypotheses (l)-(4), with c, k, a and q in- 
dependent of n, and where e n — > as n — >• 0. Then, the family {T n } verifies Assumption 

Proof. We use as before the conformal mappings g n and /„. Let us first note that we can apply 
Proposition 12.171 Indeed, the condition (1) implies that n n — > D in the kernel sense with 
respect to 0, which means that U n — > A in the kernel sense with respect to oo. Moreover, 
choosing R Q = 1 + sup n e n , we also see that Q n C B(0,R ) for all n. Finally, we can easily 
check that the condition of uniformly locally connected comes from the condition (2): for every 
e, we choose 5 = e/c. Indeed, for all a n b n such that \a n — b n \ < 5, (2) means that there exists 
B n C VL n with a n , b n G B n and diami? n < c\a n — b n \ < e. 

Therefore, we use directly Proposition 12.171 Theorem 12.201 states that the convergence of 
Un 1 )' t° 1 is uniform in D. Thanks to the relation between (Z" 1 )' and (g" 1 )' (see the proof of 
Proposition 12 .17[ it means that (g^ 1 )' 1 uniformly in A. Adding that g' n (z) = 1 / (g' 1 )' (g n (z)) , 
we conclude that Theorem 12.201 allows us to extend (b) and (c) up to the boundary, i.e. 

(b') (g^ 1 )' is bounded on A independently of n, 
0') \\g' n ( z ) ~ 1 llL-(fi n ) ^ as ^ oo. 

In order to finish this proof, we just have to compose by T. As T n = g n °T, it is obvious that 



T -T 

- L n ± 




9n ~ hi 




\T\ 


L°°(n„) 


|Id| 


L°°(n n ) 



which tends to zero as n — > oo by (a) of Proposition 12.171 This proves Point (i) of Assumption 

123 

Differentiating the relation between T" 1 and g~ l , we obtain that 

{T- l )'{z) = {T- l )\g-\z)){g- l )\z). 
Then, it is easy to conclude that (ii) follows from (b') and Proposition I2.2L 
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For any R > 0, 

\\ T n ~ T'\\ L 3(B(o,R)nn n ) = \\g'n{ T ( z )) T '( z ) - T'(z)\\ L 3( B ^ R)nUn) 

< \W n ( z ) ~ 1 llL-»(n Jl )ll T 'IU 3 (B(o,i?)nn, l ) 

which proves (iii), thanks to (c') and Proposition 12. 2[ 

Differentiating once the relation between T n and g n , and using (c) and Proposition 12.21 we 
obtain (iv). Differentiating once more, we have 

T'^z) = g>>(T(z))(T(z)Y + g> n (T(z))T"(z). 

Using (d), Proposition I2.2[ (c) and Remark 12.31 we finally get (v), which ends the proof. □ 

Remark 2.22. We easily see at the end of the previous proof that we can prove that: 

for any R > 0, p < 4, \\DT n - DT\\ L p (B(0 ^ R)nUn) ->■ as n -)> oo. 

Theorem 11.21 follows from Theorem 12.211 and [5] (see Subsection 12.21 for the details). 

Comment on this domain convergence. This theorem completes [8j [9] in the following sense: if 
C n := dT(Q n ) verifies hypotheses (l)-(4), then solutions of the Euler equations (respectively 
Navier-Stokes) in the exterior of Q n converge to the solution of the Euler equations (respectively 
Navier-Stokes) outside the curve. To make this result more attractive, it should be better to 
give geometric properties on dfl n instead of dT(ft n ), but this translation is not so easy. Of 
course, by continuity of T, condition (1) can be assumed on dfl n , which is not the case for 
(2)- (4), where we give some properties of the tangent vectors. Conditions (2)- (4), prevent the 
pointed parts as in Picture 2. However, studying the example in 02.21) . we see that there is a 
pointed part near the end-point —1, which is mapped by T to the circle -5(0, 1 + e). In other 
word, dQ n cannot satisfy (2)-(4) near the end-points, but T can straighten it to a curve which 
verifies (2)-(4). This straightening up should hold for some shapes of pointed part, but surely 
not for any shape. We have a big family of authorized shapes: T~ l (C n ) where C n verifies 
(l)-(4). A possible result could be stated like that: 

• if there exists 5 > such that (dQ n ) \ (LIB (±1,5)) satisfy hypothesis (l)-(4) (where we 
replace C by Y), 

• if dQ n corresponds to an "authorized shape" in LIB (±1,5) 
then Assumption \2.4\ is verified. 

Comment on the convergence to smooth domains. If we replace the convergence of domain to 
a curve by a convergence to a smooth domain Q, we can adapt easily Theorem 12.211 and [8] 
in order to establish that the solution of Euler equations in (or outside) Q n converges to the 
solution of Euler equations in (or outside) Q, if Q n — y Q in the sense of hypothesis (l)-(4). 
Then, a consequence of this work is that we have found a sense for the domain convergences 
(hypothesis (l)-(4)), in order that the limit solution is a solution of Euler equations. However, 
we see in Remark 12.191 that the classical shape in rugosity problems (Picture 4) is not allowed 
in our analysis. Concerning bounded domains (simply connected), Taylor in [18] proves that 
we do not need so strong properties. Passing to the limit with a weaker domain convergence, he 
can show the existence of weak solutions for Euler equations in a non-smooth convex domain 
(with Lipschitz boundary). Therefore, our result does not improve the case of bounded domain, 
but it gives a new result in exterior domains (outside one obstacle). In exterior domain, the 
analysis is harder because of the behavior at infinity: the velocity is not square integrable. 
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3. A priori ESTIMATES 

3.1. Vorticity estimate. 

The study of two dimensional ideal flow is based on velocity estimates thanks to vorticity 
estimates. In a domain with smooth boundaries, the pair (u, u) is a strong solution of the 
transport equation (12. 3p . which gives us the classical estimates for the vorticity: 

• \\u)(t, -)IUp(n) = |MUp(m2) forpe [l,+oo]; 

• if ujq is compactly supported in B(0,R), then there exists C > such that u(t, •) is 
compactly supported in B(0, R + Ct); 

• for any t > 0, we have f u u(t, x) dx = L co (x) dx. 

The goal of this subsection is to prove such properties for the weak solution (u £ ,u £ ) defined 
in Definition 11.11 The main point is to remark that this pair is a renormalized solution in the 
sense of DiPerna and Lions (see [2]) of the transport equation. 

Let us assume that u is L°° and compactly supported in 5(0, i?) D -6(0, r). Moreover we 
fix e small enough such that the support of ujq does not intersect Y £ (any e < r). We consider 
equation (11. ip as a linear transport equation with given velocity field u £ . Our purpose here is 
to show that if u £ solves this linear equation, then so does f3(oo £ ) for a suitable smooth function 
0. This follows from the theory developed in [2] (see also pQ for more details), where they need 
that the velocity field belongs to L\ oc (R+, W^{R 2 )). Let us check that we are in this setting;. 

Lemma 3.1. Let (u £ ,u £ ) be a weak-solution of the Euler equations outside the curve T £ . As 
u £ e ^(^nl™) then 

u £ eL°° (R + ,W^ C {R 2 )) . 

Proof. Here, we are not looking for estimates uniformly in e, as later (e.g. Lemma 13. 5p . Then, 
we fix e > 0, and we rewrite (12. 9ft : 



2tt £K J \J Ue \\T £ (x)-T £ (y)\ 2 \T £ (x)-T £ (y)*\ 2 J Vtf/y \T £ (x 
:= ±M* e (x)f(T 6 (x)) 

Z7T 

where a is bounded by 7 + ||u; e || LO o( L i). 

We start by treating /. We change variable 77 = T £ (y), and we obtain 

/(*) = / (^^-^^)Wr 1 (^))|det J DT- 1 (r / )|^ + a^ 
Jbioay^Iz - V\ \z-rf\ 2 J \z\ 2 



B(0,1) C \z — T]\ 2 Jb(0,2) c \z — 1]*^ 



{? — 77) f iz — 



[Z - 17* J ^ Z A 

-9W d V + a 1 



B(0,2)\S(0,1) \ Z ~V*\ 2 \ z \ 2 

:= fi{z)-f 2 {z)-Mz) + h{z), 

with g(rj) = LO £ (T-\ri))\ det DT £ -\ri)\ belong!] to L 00 ^ 1 n L°°(M 2 )). As \z\ = \T e (x)\ > 1, we 
are looking for estimates in D c . Obviously we have that 

ft belongs to L°°(D C ) and Df 4 belongs to L°°(D C ). 



2 This estimate is not uniform in e. 
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Concerning fi, we introduce g\ := gxD c where \s denotes the characteristic function on S. 
Hence 

f^ z )= I T ~ % 9M dv with 9l G L°°(L 1 (R 2 ) n L°°(R 2 )). 

The standard estimates on Biot-Savart kernel in R 2 (see e.g. Lemma I3.4p and Calderon- 
Zygmund inequality give that 

h belongs to L°°(R + x R 2 ) and Df\ belongs to L°°(L P (R 2 )), Vp G [1, oo). 

For f 2 , we can remark that for any 77 G -8(0, 2) c we have |z — ?y*| > ~. Therefore, the function 

(z,T)) 1 — y fe^A is smooth in 5(0, l) c x I?(0, 2) c , which gives us, by a classical integration 
theorem, that 

f 2 belongs to L°°(R + x £> c ) and Df 2 belongs to L°°(M + x D c ). 
To treat the last term, we change variables 9 = rf 

'■« = / ^< : =/^ ( ^< 

jb(o,i)\b(o,i/2) F ~~ y l rl Jm 2 \ z ~ y l 

with #,(0) = 4?rXs(oi)\B(oi/2)(0) which belongs to L°°{L l {R 2 ) n L°°(M 2 )). Therefore, stan- 
l^l 

dard estimates on Biot-Savart kernel and Calderon-Zygmund inequality give that 

f 3 belongs to L°°(M + x R 2 ) and D/ 3 belongs to L°°(L P (M 2 )), Vp G [1, 00). 

Now, we come back to u e . As u £ (x) = ^-DT*(x)f(T E (x)), with DT £ belonging to Lf oc (IR 2 ) 
for p < 4 and / o T £ uniformly bounded, we have that 

u £ belongs to L°°(R + ; Ll c (R 2 )). 

Moreover, we have 

\Du%x)\ < i-(|D 2 T £ (x)||/(T £ (x))| + | J DT £ (x)| 2 |( J DA- J D/ 3 )(r £ (x))| 

+ | J DT £ (x)| 2 |(- J D/ 2 + J D/ 4 )(T £ (x))|). 

We see that the second right hand side term belongs to L°°(1R + ; L 1 1 oc (IR 2 )) because DT £ belongs 
to Lf oc (R 2 ) and (Dfx - Df 3 )(T E (x)) belongs to L°°(M + ; L 3 (R 2 )). Similarly, the third right 
hand side term belongs to L°°(R + ; Ll oc (R 2 )) because DT e belongs to ^^(R 2 ) and -Df 2 + Df 4 
belongs to L°°(R + x D c ). 

For the first right hand side term, we know that / o T £ is uniformly bounded, then we have 
to prove that D 2 T £ belongs to Lj^IR 2 ) in order to finish the proof. Keeping in mind that 
DT £ is smooth everywhere, except near the end-points where it behaves like the inverse of the 
square root of the distance, and noting that the map x 1— >■ 1/ ^/\x\ belongs to Wjq C (1R 2 ), it is 
natural to think that it holds true. However, this argument needs an estimate on D 2 T up to 
the boundary. We have to check carefully in the proof of Proposition 12.21 (see [8]) how to gain 
this control. Actually, we can add a point at Proposition 12.21 

• D 2 T extends continuously up to T with different values on each side of T, except at 
the endpoints of the curve where D 2 T behaves like the inverse of the power 3/2 of the 
distance, 

which implies that D 2 T is bounded in L p (nni3'(0, R)) for all p < 4/3 and R > 0. This extension 
allows us to finish the proof of this lemma. 

For completeness, this extension of Proposition 12.21 is proved in Annexe. □ 



20 C. LAC AVE 

Therefore, [21 Q] imply that u> £ is a renormalized solution. 
Lemma 3.2. Let u £ be a solution of ( 11. ip . Let /3 : K. — >■ R be a smooth function such that 

W{t)\ < C(l + |t| p ), VieR, 
/or some p > 0. Then for all test function ip G 2}(M + x M?), we have 
d 
~dt 

Now, we write a remark from [13], in order to establish the some desired properties for u £ . 

Remark 3.3. (1) Lemma [3.21 actually still holds when if> is smooth, bounded and has bounded 
first derivatives in time and space. In this case, we have to consider smooth functions which in 
addition satisfy /3(0) = 0, so that f3(u) £ ) is integrable. This may be proved by approximating ip 
by smooth and compactly supported functions ip n for which Lemma 13.21 applies, and by letting 
then n go to +oo. 

(2) We apply the point (1) for (3(t) = t and ip = 1, which gives 



ip(3(u £ )dx = I (3(u £ )(d t ip + u £ ■ Vip)dx in L[ oc (] 



/ u £ (t, x) dx = / uo(x) dx for all t > 0. (3.1) 
Jm 2 Jr 2 



(3) We let 1 < p < +oo. Approximating (3(t) = \t\ p by smooth functions and choosing ip = 1 
in Lemma [321 we deduce that for an solution u £ to (II. ip . the maps t !->■ ||w e (t) ||lp(r 2 ) are 
continuous and constant. In particular, we have 

II^WIU 1 ^ 2 ) + II w£ WIU°°(ir 2 ) : = ll^olU 1 ^ 2 ) + II w o||l°°(r 2 )- (3.2) 

Unfortunately, we cannot establish now that u £ is compactly supported uniformly in e. For 
that, we need some estimates on the velocity. 

3.2. Velocity estimate. 

The goal of this subsection is to find a velocity estimate uniformly in e, thanks to the explicit 
formula of u £ in function of u £ and 7 (Biot-Savart law). We will need the following lemma from 

®- 

Lemma 3.4. Let S C 1R 2 and g : S — >■ 1R + be a function belonging in L 1 (S') fl L P (S), for 
p G (2; +00]. Then 



g(y) 
s\x-y\ 



■dv<C\\g\\%r£\\g 



P-2 p 

2 (p- 1 ) IUII 2 <p- 1 ) 



Z,i(S) \\y\\LP(S) 



For h : IT £ — > K. a function belonging in L 1 (S) fl L P (S), with p G (2; +00], we introduce 



and 



|r £ (rr)-T £ (y)* 
Therefore, the Biot-Savart law can be written 

M £ (t, x) = ^^^(/[[^(t, -)}(x) - J|K(t, -)])(x) + (7 + m)H £ (x), (3.3) 

with m := J u £ (t, •) = J c^o by (I3.ip . In [8], we manage to estimate directly If [uj £ (t, -)](x) and 
I 2 [uj £ (t, -)](x), uniformly in x and e, by ||w £ (t, ■) H^ol 00 - m 05 the authors obtain a uniform 
estimate in x and e of 

^DT^x)!^,-)}^) and - ±-DTl{x)I £ 2 [u £ {t, .)](*) + m^(x), 
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by ||w e (t, ■)\\L 1 nL° c - The advantage of this decomposition is that each term has zero circulation 
around the small obstacle. Later, they have to study independently the last part of the velocity 
As the size of the curve tends to zero, we see here that we have to use the decomposition 
from [5]. Then, let us introduce 

Il[h](x) = -%[h](x) + mh ^^, 

with rrih = / h(y) dy. 
Jn s 

Lemma 3.5. For any p G (2, oo], there exists a constant C p > depending only on the shape 
of T, such that 

\n[h)(x)\ <Cs\\h\\f^\\h\\f^ and\r 2 [h](x)\<Ce\\h\\f^\\h\\^, 
for all x e M 2 , e > 0. 

Proof. The proof is the same as [5], where you replace DT e (x) by 1/e and where you use Lemma 
13.41 For sake of clarity, we write the details. 
We start by treating If: 

We introduce J = J(£) := | det(DT 1 )(^)| and z = sT(x/e). Changing the variables rj = 
eT(y/e), we find 

lm(x) \<e[ \KeT-ye))\J(nle) ^ 
J\ v \>e {z-Vl 

Then, we denote f e {rj) = \h(eT~ 1 (r]/e))\J(r]/e)x\r l >s, with \e the characteristic function of the 
set E. Changing variables back, we remark that 

II/IUhk 2 ) = II^IU 1 ) 

and 

||/ £ ||lp(r 2 ) < Cp||/i||li., 

using the second point of Proposition 12.21 Now, we can use Lemma 13.41 to state that 

r fe( \ p~2 p 



\z — rj\ 



which allows us to conclude for l\. 
Let us focus now on the second term: 

hh](x) - [ ( ( T (x/e)-T(y/e)r T(x/e)± \ 
We use, as before, the notations J, z and the change of variables r] 

= £ [ (~ \z + Ui) KeT-\v/e))J{v/e) drj 

J\v\>e V \ z ~ £ V I \ Z \ J 



< e / ■ " L J h(eT-\ v /e))\J( V /e)d V . 

J\rj\>£ \ Z \\ Z ~ £ V I 

using (12. 7p . As z = eT(x/e), we have \z\ > e, hence 



r 2 [h]{x)\ < e I , £lV J J h(eT-\ v M)\J( v /e)d V . 



\r,\>e \ Z ~ £2 V* 



22 C. LACAVE 

Next, we change variables 9 = erf, and we obtain: 



m)(x)\ < e [ r-^\h(eT-\9*))\J(e*)-^d9 
J\e\<i \ z - eU \ \9\ 



< e ( / + / ) := e(I 21 + I 22) 

'\e\<i/2 Ji/2<\e\<i / 



We start with I 21 . If \9\ < 1/2 then \z - e9\ > e/2. Hence 

hi < I 2s\9\\h(eT-\9*))\J(9*)-§- 4 
J\e\<i/2 F 



\h{eT-\nle))\J(nle)_ in £ 2 / 



\>2e \m JR2 W 



with f £ defined above. Using again Lemma [3.41 we can conclude for I 2 \. 
To treat 7 22 , we put g £ (9) = \g{eT~ 1 {9*))\J{9*)^. We have 

I22 = I j-^-g%9)d9. 

Changing variables back, we remark that 

||S' £ ||l1(i/2<|<?|<i) < II^IUi- 

Moreover, it is easy to see that 

2p-2 

||5 ,£ ||lp(1/2<|6I|<1) < Ce p \\h\\hP- 

Next, we apply Lemma [3.41 with g e : 

I22 = - ! 1 nl 9 £ (0)d9 

£ Ji/2<\e\<i \ z l £ ~ y l 

f~1 p-2 p p-2 

^ II CM II I I 9 1 « — 1 ^ _ ^ Hi II 1 



<-- " 1 1 „£ 1 1 2(p-l) II £11 2(p-l) ^ II 7 II 2(p-l) II r II 2(p-l) 

~\\9 Hz,i IIP IIlp S ^lll'Mlii II^IIlp 



which ends the proof. □ 

In [5], the authors use the estimate of ^DT l e l\ [h] and ^DT*I £ [h] with h = u £ (t,-), and 
with h = ( ■ V$ £ ($ £ denoting the cutoff function of an e neighborhood of Q e , see the proof 
of Corollary 4.1 therein), where there exist some L l and L°° estimates for these two functions. 
In our case, we have again that u> £ (t, •) are uniformly bounded in L 1 fl L°°, but we will only 
obtain LP estimates for V$ e , with p < 4 (see Lemma [379]) . It explains why we have to establish 
estimates for h belonging in L 1 fl LP for p E (2, 00]. 

Using the previous lemma with h = cu £ (t, •), p = +00, and thanks to (13.31) . (12. 5p . (13. ip . (13. 2p 
we can deduce directly the following theorem: 

Theorem 3.6. We denote v £ := u £ — ^li e . For any p < 4, v 6 is bounded in L°°(R + , Lf oc (II £ )) 
independently of e. More precisely, there exists a constant C p > depending only on the shape 
ofT and the initial conditions \\u>o\\li, ||o;o||l°°, such that 

\\v £ (t, •)||i*(B(o,. B )nn«) < C P {1 + R 2/p ), for all R > 0, t> 0. 

The difference with [S] is that we have an estimate Lf oc only on v £ , then we will have to study 
independently H e . We note also that we cannot obtain L°° estimates, and we have to check 
carefully that we can adapt the tools used in [5]. 
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3.3. Compact support of the vorticity. 

Specifying our choice for in Lemma 13. 2\ we are led to the following. 

Proposition 3.7. Let u e be a weak solution of (11. ip such that 

Uq is compactly supported in B(0,Rq) 
for some positive Rq- Then there exists C > independent of e such that 

u £ (t, •) is compactly supported in -8(0, Rq + Ct), 

for any t > 0. 

Proof. The main computation of this proof can be found in [13] , but we have to write the details 
because the velocity has a different form and that we need that C is independent of e. We set 
P(t) = t 2 and use Lemma O with this choice. Let $ G £>(R+ x R 2 ). We claim that for all T 

<5>(T,x)(cu £ ) 2 (T,x)dx - [ $(0,x)(uj £ ) 2 (0,x)dx= [ [ {u £ ) 2 {d t § + u £ ■ V$) dx dt. 

Jr 2 Jo Jr 2 

This is actually an improvement of Lemma 13.21 in which the equality holds in L 1 1 oc (R + ). In- 
deed, we have dtoo 6 = — div (u £ u £ ) (in the sense of distributions) with uj £ G L°° and u £ G 
L°°(R + ,L? oc (M 2 )) for all q < 4, which implies that d t oo £ is bounded in L\ oc (R + , W^ q (M 2 )). 
Hence, u £ belongs to C7(IR + , W^^iM 2 )) C C W {R+ , L 2 oc {R 2 )), where C w (L 2 oc ) stands for the 
space of maps / such that for any sequence t n — > t, the sequence f{t n ) converges to f(t) 
weakly in L 2 oc . Since on the other hand t h-> ||w £ (t)||i2 is continuous by Remark 13. 3[ we have 
bj £ G C(1R + , L 2 (IR 2 )). Therefore the previous integral equality holds for all T. 

Now, we choose a good test function. We let $o be a non- decreasing function on R, which 
is equal to 1 for s > 2 and vanishes for s < 1 and we set $(£, x) = &o(\x\/ R(t)), with R(t) a 
smooth, positive and increasing function to be determined later on, such that R{0) = Ro- For 
this choice of $, we have (cu (x)) 2 §(0, x) = 0. 

We compute then 

x % 



and 



We obtain 



\x\ R(t) 

R 2 (ty 



s 



r 1 r $' (\A) , r Ft' \ 

<5>{T,x){u £ ) 2 {T,x)dx = / / {u £ ) 2 ^^(u £ {x) ■ f- -^-\x\)dxdt 

Jo Jr 2 R \ \x\ R J 



< I / i^ r „ R \ c-R')dxdt, 



'o Jr 2 R 
where C is independent of e. Indeed, we have that 

u e {t, x) = ^DTt{x){I{ +11 + 7^^) 

with |/[ + /|| < C\E (see Lemma I3"3|) and DT £ (x) = ^DT(^). Using Remark 12.31 we know that 
there exist some positives C 3 , C 4 independent of e, such that 

|^T(-)|<L7 2 |/3|andc7 4 |/3|M<| T (^)| ; 

e ee 
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for all \x\ > Ro. Putting together all these inequalities, we obtain C = ^C2(|/3|Ci + ^^)- 
Taking R(t) = Rq + Ct, we arrive at 

$(T, x)(ui £ ) 2 (T, x) dx < 0, 



which ends the proof. □ 

Remark 3.8. We only use in this paper that (u £ ,oj £ ) is a weak solution of the Euler equations 
outside the curve (see Definition II .ip . If the uniqueness is proved, we could simplify the proofs 
of (13.1 1) . (13. 2p and Proposition 13.71 Indeed, we would say by uniqueness that u £ is the weak-* 
limit of $ 6 > ri ui £ > v with Q £,v defined in Subsection 12.21 As u £ ' v verifies the transport equation in 
a strong sense, we have: 

• for all r] and t, \\u £ ' v (t, ^W^nL 00 = H^ollLinL 00 ; which means that ||w e (t, •) ||LinL°° 

< 

ll^olUinL 00 which is sufficient; 

• u £ is also the weak-* limit of xn e u £,v , and J xu £ ^ £ ' v — J f° r an t, so we obtain 

(03); 

• it is easy to prove that there exists C independent of r\ and s such that u £ ' v (t, •) is 
compactly supported in 5(0, R^+Ct), which proves Proposition 13. 71 using test functions 
supported in 5(0, Ri + Ctf. 

3.4. Cutoff function. 

The function u £ is defined on IR 2 , but we prefer to multiply it by an e-dependent cutoff 
function for a neighborhood of Q £ . Indeed, curlu £ = uj £ + g^Sr e , so the cutoff function allows 
us to remove the dirac mass and the jump of the velocity through the curve. 

Let $ G C°°(R) be a non- decreasing function such that 0<<I ) <l,$(s) = lifs>3 and 
$(s) = if s < 2. Then we introduce 

$ £ = $ £ ( x ) = $(|T e (x)|). 

Clearly $ £ is C°°(IR 2 ) vanishing in a neighborhood of Q £ . 

We require some properties of V$ e which we collect in the following Lemma. 

Lemma 3.9. The function $ e defined above has the following properties: 

(a) H £ ■ V$ £ =0 in U £ , 

(b) there exists a constant C > such that the Lebesgue measure of the support of $ e — 1 
is bounded by Ce 2 . 

-— l 

(c) for all p < A, there exists a constant C p > such that ||V$ e ||lp < £ p C p . 
Proof. First, we remark that 

HJx) = — V x \n\TJx)\ = _i-_V- L |r e (ar)|, 

and 

V$ e = &(\T e (x)\)V\T e (x)\ 

what gives us the first point. 

Concerning the second point, the support of $ £ — 1 is contained in the subset {x e II e |l < 
|7e(^)| < 3}. By Proposition 12.101 the Lebesgue measure can be estimated as follows: 

/ dx= I \de%{DT~ l )\{z)dz<C 1 e 2 . 

Jl<\T e (x)\<3 Jl<\z\<3 

Finally, we have 

|V$ £ (x)| < \&(\T £ (x)\)\\DT £ (x)l 
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hence, 

||V$ 6 || LP <C||Dr 6 ( a :)|| L p ({a ,|| re((B) |<3 } ). 

Using, that T(z) goes to infinity when \z\ — > oo, we can state that there exists Ri > such 
that {y e R 2 \\T(y)\ < 3} = T~ 1 (B(0, 3) \ 5(0,1)) C B(0, R x ). We rewrite the computation 
made in the proof of Proposition 12.101 

\ 1 -DT( X -)\ p d X ) 1/P = el-Hi \DT(y)\ P dy) 1/P 

{x||T(x/ 6 )|<3} eel K J {y\\T(y)\<3} ' 

< e^ l (f \DT(y)\ p dy) 1/P 

VB(0,_Ri) 7 

which ends the proof. □ 

Remark 3.10. As v £ (x) = ^-DT e {x)(Ji + I2), using Lemma [3.51 and the proof of point (c), we 
can state that for all p < 4, there exists a constant C p > such that 

\\v £ (x)\\lp({x\\T e (x)\<3}) < £vC p . 

In the case where the obstacle is smooth (see [5]), DT is bounded, which implies that the norm 
L 2 of V$ £ is bounded. Moreover, in their case, the part of velocity v 6 is bounded independently 
of e, so we can prove that the limits of v £ ■ V$ £ and v e ■ V _L $ e is bounded in L°°(L 2 oc ). As 
Lf oc is compactly imbedded in H^, we can prove by Aubin-Lions Lemma that the divergence 
and the curl of $ £ v E is precompact in C([0, T]; H^l(R 2 )). Finally the authors of [5] conclude 
thanks to the Div-Curl Lemma. 

In our case, let us show that we can apply this argument. We use Lemma [331 and Remark 
13.101 with p = 3, then 

11^ • V ± $ £ || i 3 /2 < ||^(x)|| L 3 (supp(v ^))||V$ £ || L 3 (supp(v<I>£)) < Ce 1 / 3 . (3.4) 

Similarly, we have 

\\v £ ■ V$ £ || L 3/ 2 < ||w £ (a;)|| L 3 (supp(v$e)) ||V$ £ || L 3 (supp(v$£)) < Ce 1/3 . (3.5) 

As H^M 2 ) is imbedded in L 3 (M 2 ), so L 3 / 2 (IR 2 ) is imbedded in if-^M 2 ), and we could apply 
Aubin-Lions Lemma. This last computation is an improvement of a naive estimate. Indeed, 
we would have written that: 

||t» £ • V ± $ £ || jL i < L7||t; £ || L 4||Dr e || L 4 o J|l|| L 2 (supp(v<I>e)) < Ci-e, 

assuming that Theorem 13.61 and point (ii) of Proposition 12. 101 could be applied for p — 4, which 
is not true. Even in this limit case, we remark that we can only control the L 1 norm of v £ ■'V ± ^ £ , 
which does not embed in H~ l in dimension two. With this estimate, the argument from [5] 
falls down. Estimate (13. 4p was established thanks to point (c) of Lemma 13.91 and Remark 13.101 
Without this improvement, we would have adapted the arguments from [8]. However, we choose 
here to use techniques from [5], because it is faster and it is less technical. 
As we decompose u £ = v 6 + ^yHg, we have to focus on the harmonic part. 

Lemma 3.11. Let H := x- 1 - / (2ir\x\ 2 ) and fix R > 0. Then, 
strongly in L p (B(0, R)) as e — > 0, for any p < 2. 



2(> 
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Proof. The proof is similar than [5 J , because there is the same behaviour at infinity (see Remark 
12. 3p . However this lemma is stated in [5] only with p = 1. We will see in the following subsection 
that we need for p = 3/2. For this reason, we rewrite the proof here. 
We fix p < 2 and we decompose: 

\\H e - # ||lp(B(0,R)) < ||#e - -ff1Up(B(0,R)n{|T £ (x)|>2}) + \\H £ \\ L p({\ Te (x)\<2}) + ||-^|Up({|T e (a;)|<2}) 

:= Xi+Xs+Xs. 



From the proof of Lemma l3.9[ we know that the Lebesgue measure of the set {|T £ (x)| < 2} 
tends to zero as e — > 0. Having in mind that H belongs in L\ oc for q G (p, 2), we can state that 
X 3 — s- as e -> 0. 

Concerning X2, we change variables y = x/e: 



X 2 



{\T(x/e)\<2} 



2671 



DT{x/e) 



T{x/e)- 



\T{x/e)\' 



{\T{y)\<2} 

2-p 

£ p ,, 
< — — \\DT\ 



2en 



DT{y) 



T(y)- 



\T(yW 



e 2 dy 



dx 
i/p 



i/p 



2tt 



LP({\T(y)\<2}) 



which gives the result because DT belongs to L^ oc for q < 4 (see Proposition | 

For Xi, we use Remark 12.31 T(y) = f3y + h(y), with (3 G M*, and h holomorphic such that 
\Dh(y)\ < C/\y\ 2 . Changing variables as above, we find: 



Xx 



< 



2-P 

£ p 

2-P 
2-P 

e p 
~2t7 



B(0,R/e)n{\T(y)\>2} 



B(0,R/e)n{\T(y)\>2} 



B(0,R/e)n{\T(y)\>2} 



DT{y) 



t T(yY 



\T(y)\ 2 \y\ 2 



dy 



\Pv + Kv)\< 



p \ i/p 

dy , 



2-P 



2-p 



Dh\y) 

PI 



B{0,R/e)n{\T{y)\>2} 
1 



\(3y + %)| 2 



|/3y + %)| 2 |/3yP 



p \ i/p 
dy 



{\T(y)\>2} W 



3p 



1/p 2-p 

+Ce p 



(0,i?/ £ )n{|T(y)|>2} MS/1 102/ + %) I 



l%)l 



p \ 1/p 
dy 



using 02. 7p . If p G (1,2), we bound the right hand side term by 



Cie p +C 2 e 



2-P 



1 



{|T(y)|>2} W 



2p 



VP 



2-p 



dy < C 3 e p 



which tends to zero if e — > 0. 

If p — 1 we bound the right hand side term by 



C x e + C 2 e \n{R/e) 



which also tends to zero if e — > 0. 



□ 



Now, we need some estimates of cuf and vf in order to use Aubin-Lions Lemma. 
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3.5. Temporal estimates. 

Although in our case, the vorticity equation (II. ip is verify in the sense of distribution, we 
directly see that it also means that u\ is bounded in L°°([0,T]; W^ C ,1 (R 2 )). Indeed, we have 
proved that v e and H e are bounded in L°°(Ll oc ), whereas u £ is bounded in L°°. We recall from 
Proposition 13. 7| that for T fixed, there exists R± > such that co e (t, •) is compactly supported 
in B(0, Ri) for all < t < T and e > 0. Additionally, wf is also compactly supported in the 
same ball. 

Concerning vf, we have to prove that Proposition 4.1 and Corollary 4.1 of [5] hold true in 
our case. We introduce the stream function associated to u e by ip e := G e [a; e ], with 

G e [f](x) = [ G E (x,y)f(y) dy, V/ e C?(Tl £ ) 



(see flZSD for the explicit formula). We note that K £ [f] = V x G e [f\. 

Proposition 3.12. For each R,T > 0, there exists a constant C > independent of e, such 
that 

<p{x)tf(t,x) dx\< c{\\<p\\» + M)!*M% 4 ), 

for every if G c7 (n £ D 5(0, R)) and for allO<t<T. 

Proof. We differentiate with respect of t the stream function: ipf = G e [uf], which means that 

Aijjf = uj\ in Il £ , and = on T £ . 

To obtain information on the behavior of at infinity, we use the same argument than (12.81) 
to state that 

\rt(t,x)-L[u; £ t (t,-)}(x)\ = 0(l/\x\) at infinity, (3.6) 
where the functional L is defined by 



C->£[C]:=— / ^\Te(y)\((y) 



dy, 



for any test function (. The asymptotic behavior is not independent of e, but we will only need 
that for e fixed. 

Moreover, we recall that ( 12. 8p gives 

|W t £ | = \K e [uf[ \ = 0(l/|a;| 2 ) at infinity. (3.7) 

Let ip be a fixed test function in Co(n e fl 5(0, R)), we define 

V :=G £ { V } + ^\n\T e \, 

where m v = j u ip(x) dx. As above, we can remark that i] satisfies 

Arj = ip in Il e , and rj = on T e , 

m 

r)( x ) = -2-]n\T e \{x) + L[(p](x) + 0(l/\x\) at infinity (3.8) 



and 

Win - 

2tt 



Tfl 

V( V - -^ln|T £ |)| = \K e &]\ = 0(l/\x\ 2 ) at infinity. (3.9) 
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We compute 

if(x)ijj £ (t,x)dx = / Ar}(x)ipt(t, x) dx 



'an e 



rj(x)Aip^(t,x)dx+ J (ipfVi] — fjVipf ) • n ds 
I + J 



where the boundary terms include the terms at infinity. 
Using (ll.llf l we begin by estimating /: 

I— r](x)co £ (t,x) dx = / Vrj{x) ■ {v £ + ^H £ )uj £ dx, 

then 

\I\ < ||Vr/|| L 3 (mi?l)) ||t; £ + lH £ \\ Li ,2 {B ^ Rl)) \\uj £ \\ L ^ < C\\ Vr/|| L 3 (B(0ii?l)) , 

thanks to (13.1 1) and using again Theorem 13.61 and Lemma [3. Ill with p = 3/2. Moreover, as we 
have 

V^(x) = ^Dr £ {x){PM - + m^^jj), 
we can use point (ii) of Proposition 12.101 for p = 1 and Lemma 13.51 for p = 3 to conclude that 



I rl ^ n l II ii 1/4 ii ii 3/4 

\I\ < C-e\\(p\\^ ll^ll/a ■ 



Concerning the boundary terms J, we note that the integrals on T £ vanish, because rj = ip 
on the curve. Thanks to (13. 7p and (13. 8p . we have 

/ r)Vr t d S <C 1 ^ 

JdB(0,R) U 



which tends to zero as R — > 00. Using now ( 13 .6p and (13. 9p . we obtain 

\J\<Cm^\L{ul\\ < C\\ip\\v\L[ul]\. 

To finish the proof, we have to estimate Keeping in mind that H £ (y) = V _L (ln \T £ (y)\), 

we compute 

L{cu £ t ] = ~ [ V(\n\T £ (y)\)-(v £ (t,y) + 1 H £ (y))co £ (t,y)dy 



~ I H £ (y) ± -v £ (t,y)co £ (t,y)dy 



2tt 

< ll^(Z/)llL3/2 (B(0ii?l)) ||f £ || L 3 (i J (0ifil)) ||w £ || L ^ < C 

using Theorem 13.61 with p = 3 and Lemma [3.111 with p = 3/2. 

Putting together the estimates concludes the proof. □ 

In [5], it is sufficient to bound the integral by |M|]/i 2 |M|]/iL We will see in the following 
proposition that we need ||<£>||zj> for some p < 4 instead of (e.g. p = 3). For this goal, 

we use in the previous proof Lemma [3.61 for h £ L p instead of L°°, which justifies the extension 
for p 7^ 00 in Lemma 13.61 

We also see at the end of the previous proof that we cannot write ||t> e ||Loo, so it explains why 
we need the extension for p > 1 in Lemma 13.111 

Thanks to this proposition, we can establish the main result of this subsection. 



J this equality is given in V / (R + ), but it holds for all t (see the proof of Proposition 13.71 
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Corollary 3.13. Let R,T > 0. Then there exists a constant C = C(R,T) > such that 

|| (SV)i(V) \\ H -s W 0,R)) <C, 

for all e and < t < T . 

Proof. Let ( 6 (Hq (-6(0, R))) 2 . Applying twice the previous proposition, we compute 
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KC,(*v)*(-,*)>l 



curl(C$ £ )^ £ (t, 



C$ e V ± ^ £ (t, 

curl(C)$^ t e (t,-)+ / C' V^ £ (t, 
< C(||curl (C)^IUi + llcurl (C)$ £ ||' /4 ||curl (O^f/a 4 ) 

+(7(||c • v^lU* + ||c • v^^ll^nc • v-H&lJ?) 



< C(||curlC|U- + imilo 

since ||V$ e ||ii < Ce and ||V$ £ ||l3 < Ce^ 1 ^ 3 (see point (c) of Lemma 13. 9p . Sobolev embedding 
theorem allows us to end the proof. □ 

We understand now why we need all these estimates in terms of ||^||l3 instead of ||ft,||£,°°. 
Indeed, we use them with V$ £ , and we remark in Lemma T3.9I that we cannot obtain estimates 
in L p norm for p > 4, because of DT which blows up at the end-points like the inverse of the 
square root of the distance. 



4. Passing to the limit 

Thanks to (13.41) . (13.51) and the previous corollary, we can exactly apply the arguments from 
[5]. In order to simplify the reading, we write the details. 

4.1. Strong compactness for the velocity. 

The principal tool is a parameterized version of Tartar and Murat's Div-Curl Lemma, whose 
proof can be found in [T5] : 

Lemma 4.1. Fix T > and let {F £ (t, ■)} and {G £ (t, •)} be vector fields on R 2 for < t < T. 
Suppose that: 

(a) both F e ->• F and G £ G weak-* in L°°([0, T); L 2 oc (R 2 ; R 2 )) and also strongly in 
C([0,T];/C(M 2 ;M 2 )); 

(b) {divF £ } is precompact in C([0, T]; ^(M 2 )); 

(c) {curlG £ } is precompact in C([0,T);H-l(R 2 ;R)). 

Then F £ ■ G £ ->> F ■ G in V'([0, T] x E n ). 

We will use the Div-Curl Lemma with F £ = G £ = $ e t> £ . For that, we check now that the 
three points of this lemma are verified. 

For point (a), we know from Theorem 13.61 that {$ e t> £ } is bounded in L°°([0, T}; L 2 oc (R 2 )). 
Moreover, thanks to Corollary 13.131 we know that {$ e t> £ } is equicontinuous from [0,T] to 
HfoQ. Then we can apply Aubin-Lions Lemma (see [19J) to state that {& £ v £ } is precompact 
in C([0, T}; H^iR 2 )). Passing to a subsequence if necessary, we conclude that there exists 
v E L°°([0, T]; L 2 J fl C([0, T\;H£) such that 

$ £ t> £ ->■ v 

weak-* in L°°([0, T); L 2 oc ) and strongly in C([0, T); H^). 
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For point (b), we start by remarking that (div ($ £ v £ )) t = div ($ £ t> £ ) t is bounded in L°°([0, T); H^ c ) 
(see Corollary 13. 13|) . Moreover, we know that 

div ($ £ v £ ) = v £ ■ V$ £ 

is bounded in L°°([0, T]; L 3 / 2 ) (see (13.51) ). Since LJ^ 2 is compactly imbedded in H^l, we can 
again apply Aubin-Lions Lemma to conclude that the divergence is precompact in C([0, T}; H^). 
Finally, we do the same thing with the curl: 

• (curl {<5> £ v £ )) t = curl {<5> £ v £ ) t is bounded in L°°([0,T]; H^); 

• curl ($ £ v £ ) = ® £ u £ + v £ ■ is bounded in L°°([0, T); L 3 / 2 ) 

then the curl is precompact in C([0, T]; H^l). 

Therefore, we can apply Lemma [4.11 to ensure that |$ e t> e | 2 — \v | 2 in V, which implies the 
following theorem. 

Theorem 4.2. For all T > 0, we can extract a subsequence Ek — > such that $ e t> £ — >■ v strongly 
mL 2 oc ([0,T]xM 2 ). 

By a diagonal extraction, we have a subsequence 6k — > such that the convergence holds in 
L 2 oc (M+ x R 2 ). 

4.2. The asymptotic vorticity equation. 

We begin by observing that the sequence {$ e w £ } is bounded in L°°(IR + x R 2 ), then, passing 
to a subsequence if necessary, we have 

$ e w e -»> u, weak-* in L°°(R + x R 2 ). 

We already have a limit velocity: u :— v + ^yH. 

The purpose of this section is to prove that u and u verify, in an appropriate sense, the 
system: 

dfU 4~ u ■ Vw = 0, in (0, oo) x R 2 

divu = and curlw = u + j5, in (0, oo) x R 2 
\u\ — > 0, as \x\ — > oo 



d2 



lo(0, x) = ujq(x), in 
where 5 is the Dirac function centered at the origin. 

Definition 4.3. The pair (u,u) is a weak solution of the previous system if 

(a) for any test function ip G C£°([0, oo) x R 2 ) we have 

poo P P 

(p t udxdt + / / V<p ■ uujdxdt + / cp(0, x)uo(x)dx — 0, 
Jo Jr 2 Jr 2 

(b) we have divu = and curlu = uj + j5 in the sense of distributions ofR 2 , with \u\ — > 
at infinity. 

Theorem 4.4. The pair (u, u) obtained at the beginning of this subsection is a weak solution 
of the previous system. 

Proof. The velocity u satisfies \u\ — > at infinity because the convergence of <3> e w £ to u is uniform 
outside a ball containing the origin, as can be checked directly by the explicit expressions for 
-fQ[co> e ] and H £ , using the uniform compact support of u £ . 

Moreover, using (13.4)) . (13. 5p . and div if = 0, curl if = 5, we obtain directly the point (b). 

Next, we introduce an operator i £ , which for a function tp e C£°([0, oo) x R 2 ) gives: 

POO P POO P 

I e [<p] •■= / / ^(($ £ )VM+ / / • ($ £ u £ )($ £ uj £ )dxdt. 
Jo Jr 2 Jo Jr 2 
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To prove that (u, u) is a weak solution, we will show that 

(i) I £ [<f\ + L 2 y(0, x)uo(x)dx — > as e — > 

(ii) J e [y] — >■ J °° / R2 (fit^dxclt + J °° J R2 V</9 • uudxdt as e — > 0. 
Clearly these two steps complete the proof. 

We begin by showing (i). As u £ and u £ verify (11.11) . it can be easily seen that 



(p t ($ £ ) 2 uj e dxdt 
Thus we compute 

h[<p\ = -2 

= -2 



V(<^($ £ ) 2 ) ■ u £ u £ dxdt - / ^(0,x)($ £ ) 2 (£Vo(x)cfe 



<^V$ £ ■ m £ ($ £ w £ )(M - / y»(0, x)($ £ ) 2 (x)uu (x)dx 
ipV<S> £ -v £ (<$> £ uj £ )dxdt- I p(0,x)($ £ ) 2 (x)uj (x)dx 



because V$ £ • H £ = (see point (i) of Lemma [3. 9p . By Lemma [3.91 and Theorem 13.61 we have 

I e [tp]+ / (p(0,x)($ £ ) 2 (x)u (x)dx < 2||$ £ w £ || L ^ (L ^ ) ||^|| L i (L ^ ) ||i; £ || L ^ (i 3 ) ||V$ £ || L oo (L 3/2 ) < CV /3 , 
Jr 2 

which tends to zero as e — > 0. This shows (i) for all e sufficiently small such that (& £ ) 2 (x)uo = 
u>o, since the support of ujq does not intersect the curve. 

For (ii), the linear term presents no difficulty. The second term consists of the weak-strong 
convergence of the pair vorticity-velocity: 




V<^- ($ £ w £ )($ £ u; £ 




< 





V<^- ($ £ u £ -u)(<b £ u £ 



Vip ■ u(§ £ uj £ - u) 



Writing § £ H £ — H = ($ £ — l)H £ + (H £ - H) and using Theorem B~2J Lemmas I3TTT1 and EH 
we can easily show that $ £ u £ — > u strongly in L 1 1 oc (IR + x R 2 ). So the first term tends to zero 

(see (13.21) ). In the same way, the second term tends 



because $ £ cu £ is bounded in L°° (R + x R 2 
to zero because $ £ a; £ — ^ u weak-* in 
Its ends the proof. 



x 



I 2 ) and u e LIJR+ 



□ 



Extracting again a subsequence, we can write the convergences without cutoff function. In- 
deed, ||w £ ||l°°(]r+xr 2 ) is uniformly bounded, then we extract such that u £ — ^ uj, weak-* in L°°(R + x 
R 2 ). Next, for any T > and K compact set of R 2 , we write 

\\u £ — w|| L i([ ,T]xK) — ^11 1 — & e \\L 2 (R 2 )\\v e \\L°°([0,T],L 2 (K)) + C K \\& £ V £ — V \\l^([0,T]xK) 

+T\\H £ — H\\ L l( K } 

which tends to zero by Lemma 13.91 Theorem 13.61 Theorem 14.21 and Lemma 13.111 Therefore, it 



means that u £ ->■ u in L 1 1 oc (R + x R 2 ). 

Moreover, [13] establishes that the solution of (14.11) is unique. Although we have extracted 
a subsequence, we can conclude that all the sequence (u £ ,u £ ) tends to the unique pair (u,u) 
solution of (14.11) . It ends the proof of Theorem 11.41 

For completeness, the reader should read Subsection 5.3 of [5], concerning the asymptotic 
velocity equation. 
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Annexe 

Extension of Proposition 12.21 

We prove here an extension of Proposition 2.2 from [8]: 

Proposition 4.5. IfT is a C 3 Jordan arc, such that the intersection with the segment [—1, 1] is 
a finite union of segments and points, then there exists a unique biholomorphism T : U — > int D c 
which verifies the following properties: 

• T(oo) = oo and T'(oo) G R+; 

• T _1 and DT^ 1 extend continuously up to the boundary, and T~ l maps S to V; 

• T extends continuously up to V with different values on each side ofT; 

• DT extends continuously up to T with different values on each side of T, except at 
the endpoints of the curve where DT behaves like the inverse of the square root of the 
distance; 

• D 2 T extends continuously up to T with different values on each side of T, except at 
the endpoints of the curve where D 2 T behaves like the inverse of the power 3/2 of the 
distance. 

We only give here the properties near the curve, because the behavior at infinity is given by 
Remark 12. 31 

Proof. Let us work in C. We follow the proof made in [8]. 
First step: case where Y : = [—1, 1]. 

In the special case of the segment [—1, 1], we have an explicit formula of T, thanks to the 
Joukowski function 

GW = i( 2 + i). 

This function maps the exterior of the disk to the exterior of the segment, and we only have to 
solve an equation of degree two: 

T(z) = z ± Vz 2 - 1 

where you have to choose in a good way the sign ± (see [8 J for more details). Hence, we have 

T'(z) = 1 + . = = 1 + : 



Vz^^T " y/(z-l)( Z +l) 

1 / 1 \3/2 

T"(z) = =F / , ' ,„ =T( 



{Z 2 - l) 3 / 2 ^\(Z-1)(Z+1) 

which allows us to finish the proof in this case. 



Second step: general case. 

The natural idea is to want to straighten the curve to the segment by a biholomorphism 
which would be C 2 up to the boundary. Apply after the inverse of the Joukowski function 
would give the result. However, it is not well established that such a straightening up exists. 
Of course, we know how to straighten the curve to the segment by a biholomorphism, and how 
to straighten up by a C 2 function, but we do not know how to find an application which verify 
the two properties (see [TT] for a discussion on this subject). 

The idea in |8j is to apply first the inverse of the Joukowski function. Let assum^ that the 
end-points of T are —1 and 1, we consider the curve 

f := G~ l (T) = (z + y/z^l)(T) U (z - v 7 ^!)^). 



'which is possible after homothety, translation and rotation. 
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It is proved that T is a C 1,1 Jordan curve. To gain estimate of one more derivative, the only 
thing to do is to show that T is a C 2,1 Jordan curve. 

As it is said in [8], the difficult part is to show that T is C 2 ' 1 at the points —1 and 1, where 
we change the sign and where the square root is non smooth. Then, let us prove it at the point 
-1. 

We denote a parametrization of the curve T by T(t) (with T(0) = —1, = 1), and 

7i (t) = (z + v^=i)(r(t)), 7 2 (t) = {z- V^imt))- 

We write the Taylor expansion of T(t) = — 1 + at + 0(t 2 ) with a 6 C. The aim is to compute 
the Taylor expansion of ppTjyj- and of p ^ . 
For that, we compute 

7l (t) = -1 + ^J^M^/l + at + 0{t\/t) 
l2 {t) = -\-^2a^/t + at + 0(tVt) 

hence, 



1 / \-l/2 

Writing that = {f(t)f(t)J , we obtain 




1 ^Vt- x l ^Re(a\^2a)t + 0(tVt) 



It!(*)I V M V l a 




1 / 2 / 2 

— v / t+ W^Re(av /Z 2a)t + 0(ty/i), 



V l a l V l a 



which give 



7i(t) / / 2 1 



|7i(*)l \V^2a\ \ V l a l Iv 73 ^ 




+ (qa T-r- —. = ^Refax/ 3 ^)) + O(tVt) 

V V a k/— 2a a / 



i 2 (t) y/^2a / \ 2 V=2a 1 



\i 2 (t)\ |v /z 2a| V V H \V^2a\ \ a 




V \/ a k/— 2a a / 



We denote A = a* fx - rT^rrr Re (W-2a). 

Let si, respectively S2, the arclength coordinates associated to 71, respectively 72. The 
previous computation allows us to state that 



dli{s) _ 7i(t) ^ v 7 ^ 



ds \i 2 (t)\ |V=2^r 

as t — )■ 0, which means that T is C 1 . 
Moreover, 

<i S 2 « i-yjwi « wwr 
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which implies that 



d 2 7i(s) 


A 1 


ds 2 


~2Vt 


d 2 i 2 {s) 


A 1 


ds 2 


~2Vt 




2 Vi + o(Vi)^i 




as t — > 0, which means that T is C 2 . 
In the same way, we have 



d\(s) 
ds 3 



d[^ 



dt 



O 




Vi = 0(l), 



)d o 

Therefore, we have proved that T is a C 2 ' 1 Jordan curve. Now, we can conclude as in [8] 



which implies that d J*^ is lipschitz in a neighborhood of — 1. 



For sake of clarity, we rewrite here this argument. 

We denote by II the unbounded connected component of 1R 2 \ T. Choosing well the ±, we 
claim that we can construct T2, a biholomorphism between II and II, such that T 2 _1 = G. 

Next, we just have to use the Riemann mapping theorem and we find a conformal mapping 
F between II and D c , such that F(oo) = 00 and F'(oo) G Then T := F oT 2 maps II to D c 
and T(oo) = 00, T'(oo) G M+. To finish the proof, we use the Kellogg- Warschawski theorem 
(see Theorem 3.6 of [T7], which can be applied for the exterior problems), to observe that F, 
F' and F" have a continuous extension up to the boundary, because T is a C 2,1 Jordan curve . 
Therefore, the behavior near the curve of DT and D 2 T becomes from the behavior of T2 which 
is the inverse of the Joukowski function. Then we find the same properties as in the segment 
case. 

The uniqueness of T can be proved thanks to the uniqueness of the Riemann mapping from 
D c to D c (see Remark EHJ. □ 



List of notations 

Domains: 

D := B(0, 1) the unit disk and S := dD. 

T is a Jordan arc (see Proposition 12 .2 j) and Y £ := eT. 

n e := r 2 \ r e . 

fl n is a bounded, open, connected, simply connected subset of the plane, where dVL n is a C 
Jordan curve. 

n n : =M 2 \rv 

Functions: 

ujq is the initial vorticity (C^°(n)). 

7 is the circulation of u £ around Y £ (see Introduction). 

(u e , u £ ) is the solution of the Euler equations on Il e in the sense of Definition 11.11 

T is a biholomorphism between II and int D c . 

T n is a biholomorphism between Il n and int D c . 

K e and H e are given in Subsection 12.31 

K e [oj e )(x) := f ne K E (x,y)u;%y)dy. 

$ £ is a cutoff function for a e- neighborhood of r e . 
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